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The Lund String Fragmentation Model has been very successful in describing experimental data in high-energy
multi-particle processes. For small invariant masses of the string, the effects of diminishing phase space have to
be considered more carefully than in the standard implementation of the model in the Monte Carlo PYTHIA .

1. Introduction

The Lund String Fragmentation Model [1,2] is
a phenomenological model to describe the process
of hadronisation in high energy particle collisions.
It is based upon a few physically well motivated
assumptions, and leads to intuitively appealing
results. The well known Monte Carlo implemen-
tation of the model, PYTHIA [3], has been used
in the analysis of multiparticle production events
with great success.

However, at relatively low energies when only a
few particles are produced, as is usual in nutrino
nucleus interactions, the usefulness of the model
in the description of hadronisation is relatively
scarcely explored. In this case, the assumption
of an asymptotically large available phase space,
which is used in deriving the fragmentation func-
tion in the standard treatment of the Lund model,
does not apply. It is therefore necessary to find
approximations for the available phase space for
few particle final states. An effort to provide a
faithful implementation of the Lund model at low
energies in a new Monte Carlo called ALFS [9] is
currently underway.

1.1. Lund Model Basics

The string in the Lund model is the colour force
field between a coloured and an anti-coloured par-
ticle. It is assumed that the QCD force field exists
as a flux tube which can be approximated by a
string stretched between the partons in a colour
singlet system. For example, when a ¢g pair is
produced in ete™ collision, a string is thought to

be stretched between these particles. The ¢ and
g move away from each other and deposit their
energy in the string between them. When suf-
ficient amount of energy is stored in the string,
new ¢q pairs can be formed along the string field,
breaking the field between the original ¢ and q .
After a series of such “breakups” of the string,
the system consists of a set of small ¢g pairs con-
nected by a little piece of string between them,
c.f. Fig.1. These small ¢g systems (roughly) are
used as models for mesons in the model.

Since the new ¢g pairs are produced from
the string, the production points are well lo-
calised within the transverse size of the string.
One would therefore expect, from the uncertainty
principle, that the pair would be generated with
some transverse momentum relative to the string.
Pair production and the generation of transverse
momentum have been modelled as a tunnelling
process across a potential barrier in [6]. The re-
sult is that the probability for the production of
a qq pair with quark mass p is a Gaussian in the
transverse mass p1 1, u3 = p®+k?% of the quark, so
that generation of large tranverse momenta and
the creation of heavy quark flavours are supressed
during hadronisation.

From Lorentz invariance, causality, and a sym-
metry between the coloured and anti-coloured
ends of the string, it can be shown that in the
Lund model, the probability for the production
of a set of hadrons with energy—momenta {p, }
and masses {m,}, c¢f. Fig.1, is given by the fol-
lowing result, known as the area law:
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Figure 1. A sequence of “snapshots” of a high
energy string stretched between a q (g ¢ pair. The
string breaks through the formation of ¢g pairs
at many “vertices”, and the resulting small mass
systems which are projected on to hadron states.
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In this expression, A is the area swept by the
string before it decays due to pair production as
shown in Fig.2, and the parameter b has a phe-
nomenological value of about 0.6 GeV~2. The ex-
ponential suppression with respect to area favours
production of vertices close to the light-cones,
which leads to fewer particles and hence less avail-
able phase space. The competition between the
exponential suppression with area and the size
of the phase space leads to a hyperbolic average
production region, and also to a rough correla-
tion between the rapidity of a particle and the
mean hyperbolic angles of its production vertices.
A Gaussian suppression factor for the hadronisa-
tion transverse momenta produced at each of the
vertices also appears in the expression.

In qualitative terms, Eqn.1 contains the follow-
ing factors. It contains an energy momentum con-
serving d-function. There is also one J-function
for each particle, which ensures that the parti-
cles are produced on mass shell. Apart from
these terms which, along with the d*p, terms,

Figure 2. For the situation shown in Fig.1 this
figure shows the area traced by the string before
its decay, which is used in the Lund model prob-
ability for the process.

constitute the final state phase space, there is
a Gaussian “cost” factor for the transverse mo-
menta produced at the vertices, and an exponen-
tial suppression factor for the total area traced by
the string before it has decayed into hadrons.

2. Iterative Formulation

The area law is well suited for an iterative algo-
rithm to simulate hadronisation. In such a proce-
dure, the hadrons are generated in what is known
as a “rank” order. From the properties of the
massless relativistic string, it follows that the pro-
duction vertices where new ¢q pairs are produced
along the field, must be separated by space-like
intervals. This means that time ordering of the
production vertices, and hence the production of
individual hadrons is Lorentz frame dependent.
Rank ordering is a Lorentz invariant ordering,
which may be identified as the ordering of the
vertices along one light-cone direction.

By partitioning the area A into contributions
associated with the production of individual par-
ticles, the area law could be formulated in terms
of an iterative scheme. To do this, we define the
phase space integrals as the integrals of Eqn.1
over all particle properties. Since all details about
the particles are summed over, Lorentz invariance
implies that the function depends only on the in-
variant mass of the system and the flavours of the
endpoint ¢q pair:
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gn(s) represents the relative probability or den-
sity for the production of all possible n particle
states from a system with invariant mass s. The
(normalised) probability for the decay into ex-
actly n particles is then:

gn(s) _ g”(s)
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For any finite s the g;(s) in the sum above
is zero for [ above a certain maximum value.
The probability for one particular n particle state
should then be evaluated as:

(4)

If a hadron takes a fraction z of the remaining
light—cone momentum along (say) the positive
light—cone, the invariant mass of the system be-
fore and after the production of the hadron can
be related as s’ = (1 — 2)(s — m72) Eqn.1 can
then be implemented by choosing the light—cone
fractions z according to
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At each step of the iteration, by choosing the
negative light—cone fraction appropriately, it is
ensured that the hadron is on mass shell.

One could rewrite Eqn.5 as an integral equation
for the function g(s):
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For large s, this equation has solutions of the form
g(s) o s* which, when combined with Eqn.(5)
gives
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This is known as the Lund symmetric fragmen-
tation function. To satisfy Eqn.(6), the value of
the power a must depend on N and b in such
a way that the distribution £ is properly nor-
malised.

In arriving at the above result, effects of differ-
ent possible quark flavours generated at the ver-
tices, different hadron masses, transverse momen-
tum etc have all been neglected. None of these
factors seems to affect the resulting distributions
if the invariant mass of the decaying string is
large. In a generalisation to account for differ-
ent quark flavours, the power a in the function
g(s) could in principle depend on the flavour of
the produced quark. Phenomenologically this de-
pendence is weak for large s, and it is possible
to describe experimental data with a single value
for a, with the exception of diquark production in
connection with baryon production. Therefore,
an implementation of the Lund model based on
the generation of light cone momentum fraction
z from the distribution in Eqn.(7), would be con-
sistent with the area law and the available phase
space of Eqn.(1), in all but the situations with
very small invariant masses, of the order of a few
GeV, for “flat” string systems®.

The Monte Carlo PYTHIA uses this asymp-
totic form of the fragmentation function, so that
the area law is implemented quite accurately for
strings without gluons with invariant masses large
compared to the hadronic mass scales. In every
event however, when the invariant mass of the
remaining system (after the production of a set
of hadrons in the iterative procedure) becomes
small, it is necessary to allow the remaining sys-
tem to decay into one or two hadrons in order
to conserve energy-momentum. In PYTHIA | it
is arranged that this last step of the production
process occurs at a random location on the string.
If a large number of particles are produced, the

n this article, only strings without gluonic excitations
are considered



10

0.1

0.01 S N
1 15 2 25 3 35 4
In(s/m?)

Figure 3. The phase space functions g;(s) for
i = 2,3,4. g3(s) and g4(s) are obtained by ap-
proximate numerical integration. Transverse mo-
mentum is neglected in these plots. A single
hadron mass m = 0.7 GeV was used.

effects of this step are almost always negligible.
This reasoning can not be applied if on total the
string typically decays into three or four particles.

3. Systems with small invariant mass

The asymptotic solution of Eqn.(6) can not be
expected to apply for small values of s. In fact,
if s is of the order of a hadron mass, g(s) defined
in Eqn.(3) would have only one or two non-zero
terms, as the states with more particles can not
contribute because of the 0 functions in Eqn.(1).
The functions g;(s) can be related to each other
using Eqn.(1) and Eqn.(2) with an equation very
similar to Eqn.(6) :
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From Eqn.(1) and Eqn.(2) one can write,
g1(s) = N exp(—bm?,)d(s — m?), for one hadron
flavour. From this, using Eqn.(8), one can derive
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Figure 4. Approximate illustration of the func-
tion g(s). Threshold behaviour is important when
the available energy is of the order of a few hadron
masses.

an equation for go(s) (without including trans-
verse momenta):

g2(s) = N?O(v/s — my —my) (9)
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The above expression should be integrated with
respect to transverse momenta and summed over
flavours to yield the full go(s), as well as gs(s),
g4(s)... Unfortunately the integrals can not be
expressed in closed form. Useful approximations
could however be found. Fig.3 shows the first
few g;(s) functions, while Fig.4 shows the func-
tion g(s). These plots are obtained by approxi-
mate numerical integration. They neglect trans-
verse momentum and use the same mass for the
hadrons, and are therefore not representative of
what is required in a realistic situation. But they
illustrate the increasing importance of the thresh-
old behaviour as the invariant mass of the system
is reduced.



4. Concluding Remarks

A detailed calculation of the phase space func-
tions is interesting for several reasons. It is well
known that the string model gives a very good
description of multi-particle production for large
invariant masses. But it is not clear if the physical
idea of a string, and the semi-classical picture of
hadron formation in the Lund model could make
sense in the few GeV region. It should be kept
in mind that the phenomenological value for the
string constant, or energy per unit length along
the string is about 1 GeV/fm , while the trans-
verse size of the string is estimated to be about
1 fm. Use of the asymptotic fragmentation func-
tion as done in PYTHIA and an energy momen-
tum conserving step creating two particles is not
equivalent to the result in Eqn.1 in this limit.

A framework for a careful treatment of the
phase space at low energies in string fragmenta-
tion has been developed and implemented by this
author, in a new Monte Carlo routine, ALFs [9].
It is designed to take into account the diminish-
ing phase space for low energies, even though
only very basic approximations have been de-
rived so far, for the g;(s) functions. The orig-
inal aim behind the development of ALFS was
to implement the area law more accurately for
multi-gluon strings [5], for which the procedure in
PvyTHIA makes small errors. ALFS has developed
into a reformulation of the string fragmentation
picture based on the idea that the string surface is
a minimal area surface in space—time, and hence
totally described by its boundary. ALFS imple-
ments string fragmentation as a process along
the boundary curve. For a multi-gluon string,
this provides a very tractable intuitive picture for
fragmentation. It was understood that the pro-
cedure in ALFS allowed an extension of a model
for Bose Einstein correlations in the Lund model
to multi-gluon systems [8]. At the time of writ-
ing this, there are indications that the small er-
rors made on the area law by the energy mo-
mentum conserving step in the iterative fragmen-
tation process are quite important for the cor-
relations obtained in our procedure. Since the
phase space calculations also affect the last steps
of the iterative fragmentation procedure, even for

strings with large invariant masses, they are of in-
terest from the point of view of correlation stud-
ies.
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